Various vibration phenomena of buildings occurred in recent earthquakes. Some of them were very complicated and might be caused by unknown structure-structure interactions through foundations and/or ground soil.
INTRODUCTION
Japan is one of the so-called "earthquake countries" and has experienced a number of large-scale earthquakes. Last year for example Tohoku large earthquake occurred, and the damage of buildings was sometimes beyond expectation. To overcome this shortage of predictive ability, a new designing methodology for the earthquake-resistive buildings becomes important and previous methods should be reexamined.
Recently buildings are becoming much larger and taller, and hence various complicated vibrations of buildings could occur. Some of these phenomena might be caused by the structure-structure interaction through foundation or ground soil.
We study the frequency-domain analysis of the elastic material consisting of buildings and its foundations as well as the ground soil. This system can be formulated as the elastic material that has distributed material constants. The ground is modeled as a semi-infinite region of elastic material. To handle this problem of infinite region, we set PML on the outmost part of the ground region that attenuates the elastic wave artificially in the region without changing the wave profile in the inner region surrounded by the PML.
The composition of the paper is as follows. In section 2, we introduce a simple model of structure-structure interaction and present a typical characteristic mode due to interaction. In section 3, we formulate the problem mathematically and introduce a weak formulation of the problem for the purpose of discretization by FEM. Section 4 is devoted to the explanation of the numerical method based on FEM by the use of 8-node serendipity element in the quadratic rectangular finite element. In section 5, we show some typical numerical examples that exhibit the effect of structure-structure interaction through the ground.
TYPICAL FEATURE OF STRUCTURE-STRUCTURE INTERACTION -A SIMPLE MODEL
There are many papers that examine the soil-structure interaction(SSI) (see for example [7] , [8] and so on). However, they usually consider the case where there exists only one structure and the neighboring ground. In this section, we show some simple examples of structure-structure interaction with two and three structures.
The system shown on the right-hand side of The physical parameters of this system are shown in Fig 2. 1. The function y (t) in the right-hand side represents the given primal horizontal movement of the system at the bottom position. Changing the reference coordinate frame from the original one to the acceleration coordinate frame we have the fictitious force -mÿ and -mÿ on the right-hand side. Now, assuming the time harmonic behavior of the system: u(x, t) := u(x)e iwt with u(x) = (u 1 (x), u 2 (x), u 3 (x)), where "i" is the imaginary unit and ω is the angular frequency, we consider the corresponding eigenvalue problem of (2.1) given as Three eigen-pairs for this problem are given in (2.3)-(2.5), and Fig 2. 2 shows eigen-mode patterns. The first and third modes are similar to those of the system of two point masses without mutual interaction. An interesting one is the second-mode. This mode is the so-called "bow mode" by its shape and is caused by the structure-structure interaction. Of course, if we consider the SSI that has only one structure, this mode does not appear.
• The first mode :
• The second mode : (2.4)
• The Third mode :
(c 1 , c 2 , c 11 > 0, c 33 > 0 : const.). In the case of three point masses, we can have the similar result. The eigenmode equation in this case is written as 
MATHEMATICAL MODELING OF SSI
We model the ground and structures as linear elastic bodies. Usually, the ground is modeled as a semi-infinite region. To handle the difficulty of the unboundedness of a region, we set the PML on the outmost part of the ground. We show more detailed description of this technique in the following.
(2.9) The rest position The first mode The second mode The third mode Figure 2 .3. Eigen-modes of structure-structure interaction(in the case of three point masses).
Mathematical Model for Linear Elasticity
The governing equation of a linear elastic material is expressed by
Here Ω denotes the region occupied by the elastic material in three dimensional space » 3 . The variables u, σ and ε denote a displacement vector in » 3 , stress tensor in » 3×3 and infinitesimal (for linearity) strain tensor in » 3×3 , respectively. Parameter ρ ∈ » is a mass density and c ∈ » 3×3×3×3 is an elastic coefficients tensor. The second-equation of (3.1) is defined in detail as
The operator ∇ applies to tensor and vector as (3. 3)
The strain tensor ε is symmetric, and the stress tensor σ is also symmetric. If the elastic material is isotropic, then the second-equation of (3.1) is simplified to be 
. 
.
Numerical Simulation of the Effect of Structure-structure Interaction in the Frequency Response
The parameters λ and µ in (3.5) are Lamé constants and defined as (3.6) (3.7)
with Young modulus E and Poisson ratio ν.
PML Technique
The PML was introduced by Bérenger [2] in 1994 as an artificial boundary layer for an electromagnetic wave. This layer can artificially attenuate the wave amplitude and suppresses the reflection at boundary. This method has been applied to various wave propagation phenomena in unbounded region. Among others, Chew et al. [3] applied PML to an elastic material. Especially, we adopt the complex frequency shifted-PML(CFS-PML) that was the extension of the standard PML introduced by Kuzuoglu et al. [5] and also by Basu and Chopra [1] . This modification improves the results for the low frequency case and the case of large Poisson ratio and so on. We modify the coordinate x i as (3.8)
In the case of the classical PML, a function s i (x i ) in the integral is defined as
While, the one in CFS-PML is defined as
We denote a bounded domain inside PML as Ω bd and PML region as Ω pml .
Following the case in [5] , we set the functions in s i (x i ) as
Here, ∂Ω bd denotes the boundary between Ω bd and Ω pml . Finally, to introduce PML to the problems, we replace x i coordinate in (3.1) by x i using the relation : (3.12)
Plane Wave Solution in PML
The problem(3.1) has plane wave solutions: (3.13) (3.14)
The parameters q a , k a , p, and c a (a : p, s) denote a vibration direction vector, wave number, propagation direction vector and wave velocity, respectively.
Let us introduce PML to the following time harmonic problem derived from the linear elasticity probelm (3.1) based on [1] : 
Here, we introduced the following form with separation variables:
When we use the PML function(3.9), the problem (3.15) has a plane wave type solution : (3.17) This solution corresponds to the solution (3.13) where x is replaced by x. The coefficient of the right-hand side of (3.17) attenuates the amplitude of u(x, t) exponentially in the PML since β i (x i ) > 0 in (3.11).
Formulation Using PML
In the followings, we consider only the 2-dimensional case(Ω∈» 2 ). The 3-dimensional case could be treated in the similar way but the computation will become much more complicated. Using the PML formulation (3.15), we can derive the following new equation which was firstly introduced by Zheng and Huang [9] :
Here, σ ∼ and ⑀ denote stress vector in » 4 and strain vector in » 4 , respectively.
The detailed form of the second-equation of (3.18) is written as follows : 
Weak Formulation
We obtain the weak formulation of the (3.18) by multiplying a test function v on both sides, integrating it over Ω and making use of the integration by parts:
Here, n : = (n 1 , n 2 ) denotes the outward unit normal on the boundary∂Ω. The tensor function t = (t ij ) on Γ t is a given surface load which leads to natural boundary condition t ij = σ ij n i . We set the Neumann boundary condition on Γ N and the Dirichlet boundary condition on Γ D .
DISCRETIZATION
We use FEM for numerical computation. In this section, we show the discretization method in the presence of PML. Our formulation follows the idea of Zheng et al given in [9] .
Finite Element Formulation
Let the solution u and the test function v be replaced by their finite element approximations û (x) and v (x) respectively by using appropriate shape functions. For this purpose, we devide the domain Ω into finite element subdomains Ω e : Ω: = ∪ e Ω e , and define on each Ω e the finite element Ω e functons û e (x) and v e (x) by discrete variables U e i and V e i (i = 1,· · ·m) and shape functions N e i (x) (i = 1,· · ·m) as Here, the discrete coefficient variables U e i and V e i takes values in » 2 in our elasticity problem in » 2 . We set a global finite element solution û (x) and a global test function v (x) to be functions whose restrictions on each Ω e are û e (x) and v e (x) respectively. Now we assume that the shape functions are continuous in Ω e and û (x) and v (x) are continuous in Ω e . This requirement imposes a set of compatibility conditions for discrete variables. In the following, we assume that there are m distinct nodes in Ω e and each shape function takes value one at one node and zero on the others. From this conditions û e (x) and v e (x) should take a unique value at each node. Finally substituting the discretized variables û (x) and v (x) into the weak-form(3.20), we obtain the global linear equation for the vector U which is the set of values of û (x) on each node:
Here, the matrices [M], [K] and the vector F denote a mass matrix, a stiffness matrix and an external force vector, respectively, and n ∈ » \ {0} is the total number of nodes in Ω. These matrices and vector are obtained from the following element matrices of all the elements in Ω: 1
In the application to the elasticity problems, we assume that the region Ω can be divided into rectangular elements and as the shape function we take the 8-node serendipity element (see for details [4] and the references therein).
NUMERICAL EXAMPLES AND ANALYSIS
In this section, we show some simulation results and investigate the influence to the frequency response property when we modify the number of possible structures s1, s2 and s3 in Fig 5. 1. Table 5 .1.
Modeling of Input Traction Force

PML-Function
The CFS-PML method is used in the PML area Ω pml in Fig 5. 
: . 
Numerical Results
We show some results of numerical analysis. For this purpose, we put the names to the structures and the observation points. In Fig 5. 1, the left, the center and the right structures are named as "s1", "s2" and "s3". Similarly, the coordinates (-9.5,0.0), (11.5,0.0), (32.5,0.0), (-9.5,15.0), (11.5,15.0) and (32.5,15.0) are those of the observation points (small circles in Fig 5. 1) named as "bot s1", "bot s2", "bot s3", "top s1", "top s2" and "top s3", respectively. For instance, "bot s1" and "top s2" mean the center point at the bottom of building s1 and the center point at the top of s2, respectively. 
5.3.1.
Comparison between the case with no structure and the case with one structure Fig 5.2 shows the comparison of the frequency responses between the case with no structure and the case with one structure. These figures show that the response peaks nearly coincide with each other in every cases. In the following all cases, we take the frequency increment to be ∆f = 0.1 [Hz] . In the frequency range from 12 to 15 [Hz] , there is no eminent peaks in the frequency response for every no structure cases. On the other hand, in the range from 15 to 20 [Hz] , the properties of the frequency response for the background case and the case with a single structure are quite defferent. This may reflect the effect of interaction between ground and structure. Therefore, in the following, we focus on the responses in this frequency range. Fig 5.4 , where the red line for one structure case shows no significant peak. But, the other cases reveal three remarkable peaks. These peaks can be interpreted as the results of structure-structure interaction through the background soil. We show in Fig 5. 5 the movements of structures in the case of two structures in the left and the case of three structures in the right.
The interaction between structures
We also investigate the deformation in the case of peak frequencies and the results are shown in Fig 5. 
CONCLUSION
The results of our numerical computation revealed the following facts:
1. There is a significant difference between the background case with no structure and the case with structures. 2. Peaks of a frequency response change due to the placement and the number of structures as shown in Fig 5. 4. 3. Magnitude of a response at a peak frequency changes according to the placement of structures. 4. In Fig 5.6 , there are some deformation shapes corresponding to the singular modes of one-dimensional case in Fig 2.2 and Fig 2. These facts show the existence of structure-structure interaction through the ground soil. These phenomena may happen not only in numerical simulation but some phenomena such as bow modes have been observed in the past earthquakes.
Hence our results suggest that in the earthquake resistive design one has to take into account the effects of the existence of surrounding structures.
Future subjects of our study should include the consideration of the effect of ground attenuation, nonlinearity of the material and others. The resonant complex eigenvalue analysis is also needed to reveal the nature of the structurestructure interaction through the ground. Of course the analysis will be much complicated because the PML formulation contains the complex eigenvalue i in a very complicated manner.
